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Discontinuous deformation analysis (DDA) is an important numerical simulation
method for solving the mechanical problems of discontinuous media, which can more
realistically reproduce the damage process of materials. The three-dimensional
sphere DDA (3D SDDA\) is based on the block DDA, which simplifies the block units
into spheres. In this paper, the self-made 3D SDDA program is used to simulate the
collapse process of sand column. Firstly, the principle and data structure of the
program are introduced, and then the relevant calculation parameters of the program
are calibrated to predict the possible accumulation effect of sand column collapse of

test 5 and 6 by comparing the simulation results with the experimental results.

Keywords: spherical discontinuous deformation analysis (SDDA);

I. Numerical methods and software (Heading 1)

The 3D SDDA program [1,2] developed by Jiao’s team was used to simulate
problem B. The calculation principle and programming method of 3D SDDA will be
described in detail below.

1.1 The Basic Formulation of 3D SDDA

The three-dimensional sphere DDA (3D SDDA) is based on the block DDA [3],

which simplifies the block units into spheres. It uses the sphere center coordinates and
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sphere radius to describe the position of the sphere unit in 3D space. It simplifies the

nn

contact type of block unit from complex "edge-edge", "edge-angle" and "angle-angle"

n

to " sphere-sphere" and " sphere-face and also simplifies the displacement and

deformation of the unit in the system.

1.1.1 Energy Minimization and Equilibrium Equations

The dynamic mechanical response of the global particle system in a certain period
can be solved by minimizing the total potential energy of the system, where the kinetic
energy terms is integrated by the constant acceleration-based Newmark integration

approach. The global equilibrium equation in an analysis step can be obtained as

follows:
I K11 K12 K13 Kln 1 _dl ] _fl ]
K21 Kzz K23 KZn d2 fz
K31 K32 K33 K3n d3 = fa (1)
_Knl an Kn3 Knn__dn_ _fn_
where K, represent the diagonal 6x6 sub-matrix for sphere i ; K;(i# j)

represent a 6x6 off-diagonal sub-matrix with respect to contact spheres 1 and j; d.

represent the incremental DOF values of the i sphere; f, represent the force vectors

acting on the i sphere.
In the SDDA method, spherical shape is used to simplify the complex contact
geometry of polyhedral blocks. In addition, each sphere is assumed to be rigid to

decrease the total degree of freedom (DOF) in a large model. The displacement

N
u, =[up v, Wp] of a point p(x,,Y,,2,) in a rigid sphere is computed by

u, :T(xp,yp,zp)d , where T

(%Yo 25) is the 3x6 matrix of shape function and 1is the

DOF vector of the rigid sphere.

1.1.2 Displacement and Deformation of Sphere
In the 3D SDDA method, each sphere is assumed to be rigid to decrease the total

degree of freedom in a large model. Therefore, the displacement and deformation of the
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sphere are defined by six degrees of freedom as follow:

d=[d, d, d, r, 1, 1] @)

X y z X y z
where d, represent the displacements along the x-, the y- and the z-axes, and T,
represent the rotation angles around the sphere center.

The displacement function of an arbitrary point (X, y, z) of sphere i can be written

as:

[up v, W, | =[T(xy,2)d] ()

where T.(x, Y, z) is called the displacement transformation matrix of sphere i,

100 0 z -y
T(xy,2)=|0 1 0 -z 0 «x 4)
001 y -x 0

where X=X-X,, Y=Y-Y,, Z=2-Z, and (X,Y,,z) are the coordinates of the

center of sphere i.

1.1.3 Submatrix of Initial Stress
The potential energy of sphere / is

i, =—[[[[[u, v, w,I[f, f, I dxdydz
= [[[ DI T (x y. DT T (x,y, z)];—Z[Di (t)]dxdydz

= IO T [[[IT 06y, 21T (%, v, z)]dxdydz(%[Di]—E[vi )

By minimizing [, , initial stress submatrices of sphere i are obtained

ZA—fmU. (X, ¥, 21" [T, (x, y, 2)]dxdydz — [K. ]

2p T
I 00y, 2T (x, v, 2)]dxdyddlV; (0)] - [F] ©

1.1.4 Submatrix of sphere-sphere contact
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As show in Fig. 1, the spheres i and j come into contact in the next step, and the

radii of the two spheres are R; and R ; respectively. The centers of the two spheres

are C;(Xg, YeirZe;) and C;(Xg, YgZg) respectively.
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Fig. 1 sphere-sphere contact.
The unit vector of C,C; is (V,,V,,V,). If the P(X,Y;,2) of sphere i is in

contact with P,(X,,Y,,2,) of sphere j, the values of the coordinates of the two points

arc
X =X +V, R
P 9Yi=VYo +V,R (7)
z, =74 +V,R
Xy = Xgj —VXRj
Pz : Y2 =Y _Vij 3
Z, = Zg -V,R j

The displacements of P, and P, are (u,v;,w;) and (u,,v,,W,), and the

distance betweenP, and P, can be get by follow formula.

(% +U,) = (% +U;) T (% +Uy) — (% +uy)

d* = (y2+v2)_(yl+vl) (y2+V2)_(y1+V1)
(Zz + Wz) - (21 + W1) (Zz +W2) - (21 +W1)

(Xz - Xl) + (uz _ul) ! (Xz - X1) + (U2 - u1)

= (Y2 - y1)+(V2 _Vl) (yz - y1)+(V2 _V1)
(Zz - 21) + (Wz _Wl) (Zz - Zl) +(W2 _Wl)
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T

X, — X,
=( Y.~ ¥ | +[D;TIT; (%, Y5, 2,01 =[O [T (% ¥1,20)11)
Z,—17,
X =%
( Yo = Y1 +I.—I-j(x21yZ’ZZ)][Dj]_I.-ri(Xl’yl’zl)][Di]) (9)
Z, =14

T
X =X X, =X

d2: Yo=Y Yo=Y _Z[Dj]TI.-rj(X21yZ'ZZ)]TI.-ri(Xliyllzl)][Di]
Z,—1 Z, -1

X, =X X, =X
+ 2[Dj]T I.Tj (Xz! Yas Zz)]T Yo=Y |~ 2[Di]T I.Ti (X1’ Yis Zl)]T Y=V
Z,—1, =4
+[Dj]T[Tj (le y2,22)]T[TJ. (sz y2'zz)][Dj]
+[D T[T (%, Y1, )T [T (%, ¥4, 2)1ID1] (10)

The normal distance d, between sphere i and sphere j is

T T
Vv, (X, = %)+ (U, —u,) \% u, —u,

dN - Vy (Y2 _y1)+(V2 _Vl) = Vy V, =V; +6 (11)
V, | [(z, = 2) + (W, —w,) Vo] W, - W

z

V, ! X, — X
and o=V, | (Y= W (12)
Vz Z, -4

The potential energy of the normal spring between sphere i and sphere j is

_u2_u1 ! Vx Vx ! u, —u,
anzp—szgzp—zN( V=V, | [V, [+8)(V, | | v,—v, |+0)
_W2 —-W Vz Vz W, —W,

T T
u, u, | [V, \Y u, | |V u,

V X X
=B [, v oy, | v v | %o a3
V, w | Y, V, 1 (w, | [V, ||wW

z
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T

u, | | V. Vv

and | v, ||V, =[DT [T, (%, 1, )T Vv,
w ||V V

z z

0 V,R VR ||V

2N yN X

R 0 VR ||V

Z

Ry,
VR -V,R 0 ||V

X Z

100
=[O0 1 0
001

=[DTV, V, V, 0 0 O =[DTV,T (14)

By combining the above equations,
Iy, = p—2N52 +p—ZN[D,-]T[VN]T[VN][D,-]+p—2N[Di]T[VN I'Vy (D]

+ PO T VT = pudID T VT = py [T [V, T [V, 1D (15)

By minimizing [],,, normal contact submatrices of sphere i and sphere ;j are

obtained:
pu VAT Vi1 = [K; ] (16)
= PV I Vi1 = [K] (17)
— PV VI = [K] (18)
PV I V1= [K ] (19)
puolVi T —[F] 20)
~ PV, 1" = [F] 1)

The potential energy of the shear spring between sphere i and sphere j is
Ps q2 _Ps 42 Ps 42
g, =—d; =—d°"-—=d 22
S1 2 S 2 2 N ( )

-
X, =X Xy =X

H31 = % Y=V Yo=Y |~ pS[Dj]T[Tj (X21 Yo Zz)]T [Ti (X1' Y1 Zl)][Di]
Z, =4 Z, =4
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Xa =% Xy =%
+ ps[Dj]TI.Tj (X2’y2722)]T Yo=Y |~ pS[Di]TI.—I-i(Xl’yl’Zl)]T Yo=Y
Z, -4 Z, -4

A LI HUTCHARS U CHES) N
A HUICHAEN | TGN (1Y

-Pu5? - Bup TV, IV, D, 1- 2D T IV, TV, (D)

—puSID T T +pySIDT VI + Py [DT I T I IIDT (23)

By minimizing [],, shear contact submatrices of sphere i and sphere j are

obtained:

Ps T (%, Yo 2T [T 0, Y, 2001 = PV 1T IV 1 = [K ] (24)
= Ps [T (% Yo )1 [T (%, Yo 2]+ s [V T Vi 1 = [K ] (25)
= Ps[T; (%, ¥, )T [T (% Yo, 2]+ P IV T Vi 1 = [K ] (26)
Ps [Tj (X2, Y2 Zz)]T [Tj (%51 Y2, 22)] = Ps[Vy ]T V- [ij] (27)

Xy =%
Ps I.Ti(xll Yis Zl)]T Yo=Y |~ p35WN ]T - [Fi] (28)
=4
X, — X
= Pps[T; (X, Ys, )| Yo=Y, |+ PsSIV T —[F] (29)
Z,— 4

Assuming that at the end of the time step P, and P, move to points P, * and

P, *, respectively. The unit vector of B *P,* is (I, m,n), then the potential energy of
the friction force between sphere i and sphere j can be obtained as follow:

Hfl:fs([UZ Vv, WZ]_[ul Vi Wl])[l m n]T
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= f(ID;1'[T; (X, ¥, )" =[DT [T (¢, yp )1 m ]’ (30)
By minimizing [],,, friction force submatrices of sphere i and sphere j are

obtained:
f T,y z)I'II m n]" >[F] (31)
- fs [Tj (XZ’ Yo Zz)]T [I m n]T _)[Fj] (32)

1.1.5 Submatrix of sphere-face contact

As show in Fig.2, the sphere i and face F' come into contact in the next step, and

the P (X,,V,,2z,) ofsphereiisincontactwith P,(X,,Y,,2,) offace F. The unit vector

of ﬁ is (V,,V,,V,).

sphere i

Fig. 2 sphere-face contact.

The displacements of P, is (u,,V;,W,), and the distance betweenP, and P, can
be get by follow formula.

X, = (6 +U) ] [ = (% +uy)
d* = yz_(y1+vl) yz_(y1+v1)
Z, - (21 + Wl) Z, = (21 + W1)

T

Xy =X Xy =X
:( Yo=Y _[Di]T[Ti(Xliyl’Zl)]T)( Yo=Y _[Ti (Xllyl’zl)][Di])
Z, =1, Z, =1,
T
X, =X X, =X X, =X

=Y, Y, Y= Y1 _Z[Di ]T I.Ti (X11 Y1, Zl)]T Yo=Y
Z, =1 Z, =1, Z, =1,
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+[D, T[T (%, Yy, 2)T [T (%0, ¥y, 2)1[D;]

(33)
The normal distance d, between sphere i and face F is
Vx ' X, _(X1+u1) Vx ! Uy
dy = Vy Yo = (Y +v) [=4- Vy Vi (34)
Vz Z, - (21 + Wl) Vz Wy
V, ! X, =X
and A=V, | | Y2 W (35)
Vz Z, -4
The potential energy of the normal spring between sphere i and face F'is
l'jl ! VX VX ! _ul
P
My, =20 dd =20 - v | [V, -]V, || v )
Wl VZ VZ Wl
u, 'V, u 'V, TV, T Ty,
=p—2N/12 —puA Y | |V, +p—2N vi [V, IV, ||
Wl VZ Wl VZ a _VZ Wl
=227 p ADT VT + 2 DIV IMID] (6
By minimizing [],,, normal contact submatrices of sphere i are
Py Vi I Vi 1 > [K; ] (37)
PuAVy T —[F] (38)

The potential energy of the shear spring between sphere i and face F is

I, :&dsz :&dz_&dﬁ

2 2 2
T
Xp =% | [ X2 =% 2%
:% Y=Y Yo=Y |~ pS[Di ]T I.Ti (Xl’ Y Z1)]T Yo~ W
Z,—1, =14 2274

+%[Dirrri (% 1 2T [T, 0, ¥, 2)1D,]
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_%ZZ + psAIDT [V, I’ _%[Di]T[VN]T[VN][Di] (39)

By minimizing [],, shear contact submatrices of sphere i are obtained:

Ps I (%, Yo, 2T [T 0, Y, 2001 = PV 1T IV 1 = [K ] (40)
X, =X

P [T (%0, Yi, 2| Yo =y | = PsAV T = [F] (41)
Z,— 14

The formula for calculating the friction force between sphere i and face F'is:

fo = pydp tang (42)
Assuming that at the end of the time-step P, move to points P, *. The unit vector

of P, *P,* is(l,m,n), then the potential energy of the friction force between sphere i
and face F can be obtained as follow:
M, =1l v wlll m n]" =[O [0y, )T m ' 43)

By minimizing [I,,, friction force submatrices of sphere i is obtained:

— [Ty z2)I' mo n]" > [R] (44)

1.2 Software

The following will briefly introduce the self-made numerical software used in this
modeling from the calculation process of 3D SDDA, program composition and C++
programming method.

The whole program includes three main modules, i.e., a preprocessor, an analysis
module, and a postprocessor. Each module defines the relevant file interface for data

transmission.
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Postprocess module

preprocess module Analysis module
Generate particle Contact search Graphic display:
Particle,
Assemble Bonded unit
L matrix Microcrack,
Generate 2 # Fixed face
excavation face _:r? Equation 5
3 Solution ;2'
s g
Inpute boundary # =
condition Open-close g
‘ iteration
Generate bonded
ball-ball Update model
Fig. 3 program module.

1.2.1 Calculation Process

The flowchart of computation loops in 3D SDDA program is shown in Fig.4. The
contact search is performed first, then the simultaneous equations are solved based on

the contact pairs and other information, followed by open-closed iteration step to

detecting the solution results, and finally the next cycle is calculated after increasing or

decreasing the penalty spring or reducing the time step based on the detection results

Inpute model data

until the contact patterns of all contact pairs meet the requirements.

ContactSearch
- Short
Assemble matrix shorten |,
time-step
Solve g_lobal Modify
cquation penalty spring N
0

'

Open-close
onvergence

Maximum displacement
rate judgment

Fig. 4 Flowchart of computation loops in 3D SDDA program
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1.2.2 Data Structure

In order to improve the performance of the program, the following data structure
is used in the calculation module. Class SDDA is the biggest class that adopts the
objects of many small classes and calculation parameters. Class Ball is used to define
the sphere in 3D space. The member variables of class Ball mainly include the physical

information of the sphere and the relevant contact information.

SDDA Ball BallFaceContact
Class Class Class
CBall *pBall CPoint3D Center;

int balli, facei;

M * k%
CBox pBox CPoint3D Vertex[3];

CSubmatrixK *K double dVelocity[6]; double dA. dB. dC. dD:
double dPNormal 1 double dR, dMass,dVolume; T
double dPNormal2 CBallFace *BallFace_array;

...... CBallBall *ut_BallBall array;

N CBondedBallBall*
/ ut_BondBallBall_array;

Matrix
Class
double K[6][6];
BallBallContact
double D[6]; BondBallBallContact Class
Class int balli, ballj;
Box int balli, ballj; double dX1, dY1, dZ1;
Class double dA, dB,dC; | | .
______ bool bBebonded double fNO, fN1, fN2;
list<int>vballnum_inbox; bool bWillBeDeleted double kSii00, kSiill,

Fig. 5 Data structure of 3D SDDA.

I1. Numerical modelling

The model of Test1-6 in question B is shown in the Fig.6, and the numerical models
of corresponding sizes and boundary conditions are established according to the
experimental results. In order to make the simulations more concise and efficient, equal
diameter spheres are used in this simulation. The sphere accumulation pattern is body-
centered cubic model shown in Fig.7, and the radius of sphere is 0.0069m, and the total
number of spheres in each model are: 7428, 14412, 21756, 14412, 14412, 21756

respectively.
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Fig. 6 Numerical model demonstration

Fig. 7 Body-centered cubic model.
Firstly, the microscopic parameters of spheres were calibrated by simulating test 1-
4 so that the experiment effect of tests 5-6 could be predicted by numerical simulation.
The parameters to be calibrated mainly include: normal and shear contact spring
stiffness, sphere-sphere friction angle sphere-face friction angle, sphere density,
maximum displacement ratio and time step. The simulation error is calculated as

follows:

Error=|L,-L;|/L,*100% (45)

where, L, isthe experimental results, L is the simulation results.

111.Clabration results

In order to make the simulation results closer to the actual situation, four groups of
models are built according to testl to 4, and the microscopic parameters in the sphere
system are calibrated. The final parameter calibration results are shown in Table 1

Tablel Computational mechanical parameters.

Parameter Value

Density (kg/m®) 2000
Ball-ball normal spring stiffness (GN/m) 1
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Ball-ball shear spring stiffness (GN/m) 0.5
Ball-face normal spring stiffness (GN/m) 1
Ball-face shear spring stiffness (GN/m) 0.5
Sphere-sphere frictional angle 36°
Sphere-face frictional angle 10°
Time step le-5

3.1 Test1

The size of sand column for test 1 is 20*40*20 (length*width*height). Table 2
shows the simulation results with the experimental results and the errors. The
displacement results shown in Fig. 8 are basically consistent with the experimental

results.

Table 2 Comparison of experimental and simulation results.

Final deposit  Final deposit  Inclination

height (Hi) length (L1) /°
Experiment result 20 40 29.5
Numerical result 20 41 30.5

Error (%) 0 2.5 3.4
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(b) time step=45,000 (c) time step=90,000

Fig. 8 Configurations of the initial model and the simulation results at 0, 45,000,

90,000 time steps.

3.2 Test 2

The size of sand column for test 2 is 20*40*40 (length*width*height). Table 3
shows the simulation results with the experimental results and the errors. The
displacement results shown in Fig. 9 are basically consistent with the experimental
results.

Table 3 Comparison of experimental and simulation results

Final deposit  Final deposit  Inclination

height (Hi) length (L1) /°
Experiment result 31 62 26.5
Numerical result 30 63 25.5
Error (%) 3.2 1.6 3.8

(a) time step=0
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(b) time step=80,000

(c) time step=115,000

Fig. 9 Configurations of the initial model and the simulation results at 0, 80,000,

115,000 time steps.

3.3 Test 3

The size of sand column for test 3 is 20*40*60 (length*width*height). Table 4
shows the simulation results with the experimental results and the errors. The
displacement results shown in Fig. 10 are basically consistent with the experimental
results.

Table 4 Comparison of experimental and simulation results.

Final deposit  Final deposit  Inclination

height (Hi) length (L1) /°

Experiment result 38 92 22
Numerical result 31 83 20.5
Error (%) 18.4 9.8 6.8

(a) time step=0
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(c) time step=100,000

Fig. 10 Configurations of the initial model and the simulation results at 0,

50,000, 100,000 time steps.

3.4 Test 4

The size of sand column for test 4 is 40*40*20 (length*width*height). Table 5
shows the simulation results with the experimental results and the errors. The
displacement results shown in Fig. 11 are basically consistent with the experimental
results.

Table 5 Comparison of experimental and simulation results.

Final deposit  Final deposit  Inclination

height (Hi) length (Li) /°

Experiment result 20 65 27

Numerical result 20 75 24
Error (%) 0 15.4 11.11

(a) time step=0
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(b) time step=50,000 (c) time step=95,000

Fig. 10 Configurations of the initial model and the simulation results at 0, 50,000,

95,000 time steps.

IV.Prediction results

Based on the calibration results, the parameters in Table 2 of the previous section
will be used for simulation to predict the experimental results of Test 5 and 6. The radius
of sphere is 0.0069m, and the total number of spheres in each model are: 14412, 21756

respectively.

4.1 Test5

The size of sand column for test 5 is 20*40*20 (length*width*height) with baffle.
The prediction of position results is shown in table 6, and the simulation results are
shown in Fig. 12.

Table 6 Numerical result of test 5 with baffle.

The initial The initial Distance between baffle Height of sand
Inclination /°
height(H)  length(L) 2 and baffle 1(S) at baftle 2

result 40 20 20 12.5 26.6

(a) time step=0
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(c) time step=96,000
Fig. 12 Configurations of the initial model and the simulation results at 0,

80,000, 96,000 time steps.

4.2 Test6

The size of sand column for test 6 is 20¥60*20 (length*width*height) with baffle.
The prediction of position results is shown in table 7, and the simulation results are
shown in Fig. 13.

Table 7 Numerical result of test 6 with baffle.

The initial The initial Distance between baffle Height of sand
Inclination /°
height(H)  length(L) 2 and baffle 1(S) at baffle 2

result 40 20 31 14.5 21.9

(a) time step=0
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(c) time step=115,000

Fig. 13 Configurations of the initial model and the simulation results at 0,

80,000, 115,000 time steps.

V. Conclusions

The problem B is simulated by self-made 3D SDDA program. The comparison of
experiment and simulation results of test 1 to 4 shows the good solving accuracy of 3D
SDDA, and the prediction results of test 5 and 6 are obtained. After model 5 was
stabilized, the height of the sand column at baffle 2 was 12.5 and the inclination of the
slope was 26.6°. After model 6 was stabilized, the height of the sand pile at baffle 2 was

14.5 and the inclination of the slope was 21.9°.
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