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This document provides supplementary information for “Single-shot color-multiplexed quantita-
tive phase imaging with Kramers-Kronig relations”.

A. Color-multiplexed illumination strategy in CMKK-QPI
The spectrum patterns shown in Fig. 1(c) illustrate the Fourier-domain sampling mechanism of
CMKK-QPI under color-multiplexed oblique illumination. As shown in Fig. S1, different oblique
illumination angles correspond to distinct incident wavevectors and therefore shift the object
spectrum to different locations in Fourier space. The sampled sub-spectra are determined by the
illumination angle, wavelength, and objective numerical aperture.

Under color-multiplexed illumination, these angularly diverse measurements are encoded into
a single color exposure while remaining separable through the R/G/B channels of the sensor
[1, 2]. Therefore, the spectrum patterns indicate which spatial-frequency regions are captured
under each illumination condition and how these shifted sub-spectra jointly contribute to the
synthetic-aperture reconstruction.
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Fig. S1. Fourier-domain sampling mechanism in CMKK-QPI. Different oblique illumination
angles produce distinct shifts of the object spectrum in Fourier space. The corresponding il-
lumination configurations, intensity distributions, and Fourier spectra show how angularly
diverse spatial-frequency information is encoded into a single color exposure.

B. Phase unwrapping and wavelength normalization for CMKK-QPI
For large-phase objects, the phase may exceed 2π, making phase unwrapping necessary for
accurate quantitative phase retrieval. In addition, in color-multiplexed imaging, the recovered
phase from different wavelengths must be normalized to a common reference wavelength before
combination. Assuming negligible chromatic dispersion within the visible range, the normalized
phase at wavelength λc can be written as

ϕc,G(r) =
λc

λG
ϕ̃c(r), c ∈ {R, G, B}, (S1)

where ϕ̃c(r) denotes the unwrapped phase of spectral component c, and ϕc,G(r) denotes the phase
normalized to the reference wavelength λG.



Following the iterative reconstruction strategy of the iKK-QPI framework [3], the CMKK-QPI
procedure with phase unwrapping and wavelength normalization is summarized in Algorithm S1.
The operators used in Algorithm S1 are defined as follows: KK denotes the Kramers-Kronig (KK)
[4–11] reconstruction operator, arg(·) denotes phase extraction, unwrap(·) denotes the phase-
unwrapping operator [12], SA denotes the synthetic-aperture composition operator and SA−1

c
denotes the low-pass filtering operation for selecting the sub-spectrum of spectral component
c corresponding to its illumination angle. In addition, ϕc(r) denotes the wrapped phase, ϕ̃c(r)
denotes the unwrapped phase, Uc(r) denotes the complex field of spectral component c, Ũc,G(r)
denotes the corresponding complex field after phase unwrapping and wavelength normalization,
and Orec(r) denotes the reconstructed full-field complex amplitude. The superscripts 0, n, and
n + 1 denote the initialization, the current iteration, and the updated iteration, respectively.

Algorithm S1. CMKK-QPI reconstruction with phase unwrapping and wavelength normaliza-
tion

Require: intensity distributions Ic(r), wavelengths λc for c ∈ {R, G, B}, reference wavelength
λG

1: U0
c (r) = KK[Ic(r)] , c ∈ {R, G, B}

2: ϕ0
c (r) = arg

(
U0

c (r)
)

, c ∈ {R, G, B}
3: ϕ̃0

c (r) = unwrap
(
ϕ0

c (r)
)

, c ∈ {R, G, B}

4: ϕ0
c,G(r) =

λc

λG
ϕ̃0

c (r), c ∈ {R, G, B}

5: Ũ0
c,G(r) =

∣∣U0
c (r)

∣∣ exp
[
i ϕ0

c,G(r)
]

, c ∈ {R, G, B}

6: O0
rec(r) = SA

[
Ũ0

R,G(r), Ũ0
G,G(r), Ũ0

B,G(r)
]

7: for n = 0, 1, 2, . . . until convergence do
8: Un

c (r) = SA−1
c [On

rec(r)] , c ∈ {R, G, B}

9: Un+1
c (r) = exp

(
1
2

log Ic(r) + i Im[log Un
c (r)]

)
, c ∈ {R, G, B}

10: ϕn+1
c (r) = arg

(
Un+1

c (r)
)

, c ∈ {R, G, B}
11: ϕ̃n+1

c (r) = unwrap
(
ϕn+1

c (r)
)

, c ∈ {R, G, B}

12: ϕn+1
c,G (r) =

λc

λG
ϕ̃n+1

c (r), c ∈ {R, G, B}

13: Ũn+1
c,G (r) =

∣∣Un+1
c (r)

∣∣ exp
[
i ϕn+1

c,G (r)
]

, c ∈ {R, G, B}

14: On+1
rec (r) = SA

[
Ũn+1

R,G (r), Ũn+1
G,G (r), Ũn+1

B,G (r)
]

15: return Orec(r)

C. Simulation validation of CMKK-QPI on a large-phase object
To further validate the reconstruction performance of CMKK-QPI, we performed a simulation
using a weakly absorbing complex sample with a maximum phase delay of 5 rad, as shown in
Supplementary Fig. S2(a). The same color-multiplexed oblique illumination scheme as that used
in the experiment was adopted to generate the corresponding measurements.

The reconstruction obtained by the KK relations-based method is shown in Fig. S2(b). The KK
relations-based method fails to recover the true morphology of the object and exhibits pronounced
errors in the phase-wrapping regions. These phase errors also lead to evident distortions in the
reconstructed amplitude at the corresponding locations, indicating that the reconstruction of
both amplitude and phase is degraded when the wrapped phase is not properly handled. By
contrast, the CMKK-QPI result in Fig. S2(c) shows much better agreement with the ground
truth after iterative refinement. As further shown by the phase error curve in Supplementary
Fig. S2(d), the reconstruction error decreases rapidly during the first few iterations and then
gradually converges. This behavior is consistent with the experimental observation that only a
small number of iterations is sufficient for stable reconstruction. These simulation results further
verify the effectiveness of CMKK-QPI for accurate quantitative phase reconstruction of complex
samples.
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Fig. S2. Simulation validation of CMKK-QPI. (a) Simulated images. (b) Amplitude and phase
reconstructed by the KK relations-based method, together with the corresponding error map.
(c) Amplitude and phase reconstructed by CMKK-QPI. (d) Phase RMSE curve versus the itera-
tion number.

D. Effect of alternating illumination in dynamic live-cell imaging
To further clarify the role of the alternating illumination strategy in dynamic live-cell imaging,
we compared the reconstruction results of live HeLa cells obtained from a single frame under
one illumination pattern and from two adjacent frames acquired under alternating illumination
patterns. As shown in Fig. S3, the single-frame reconstruction already provides good image
quality and clearly resolves the overall cellular morphology as well as major intracellular features,
confirming that CMKK-QPI remains effective under the single-shot acquisition scheme. When the
information from two adjacent frames is combined using the sliding-window strategy, the recon-
structed image shows a modest further improvement in quality. In particular, the cell boundary
and intracellular structures appear slightly clearer, and the reconstruction becomes more uniform
and stable. Importantly, this improvement is achieved without sacrificing the imaging speed,
since no additional exposures are introduced per frame. These results indicate that the alternating
illumination strategy is not required for basic single-shot CMKK-QPI reconstruction, but serves
as an optional enhancement for dynamic live-cell imaging by improving Fourier-space coverage
across adjacent frames while preserving the acquisition frame rate.
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Fig. S3. Comparison of single-frame reconstruction and sliding-window reconstruction with
alternating illumination in dynamic live-cell imaging of HeLa cells.
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